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THE DEFINITION OF A DIFFERENTIAL FORM
ON A TANGENT STRUCTURE
Carlos A. Torre
Escuela de Matema´tica, Universidad de Costa Rica,
San Jose´, Costa Rica
ABSTRACT. Three definitions of a differential form on a tangent structure are considered. It is proved that
the (covariant) definition given by Souriau (as a collection of forms indexed by the plaques) is equivalent
to a smooth section of the corresponding vector bundle if the space does not have transverse points.
1. Introduction.
A diffeology on any set X was defined by Souriau [3,4] as a collection of plaques p:U ⊂ Rn → X ,
for any n ∈ N which coversX and is closed under composition with smooth maps φ:V ⊂ Rm → Rn
where U, V are open sets. In this context differential forms were defined as a collection of forms on
open subsets of Rn, indexed by the plaques. They were used to construct a picture of quantization
on a class of coadjoint orbits of diffeomorphisms groups [1,2]. A tangent structure was defined in [7]
for coadjoint orbits of diffeomorphisms groups, allowing a geometric definition of a differential form
as a section of the corresponding vector bundle [5,6], and in this way allowing also the construction
of a Poisson structure and precuantization on coadjoint orbits of diffeomorphisms groups. In this
paper we consider the relation between the two definitions of a differential form mentioned above,
and the more algebraic one as a multilinear alternating map on the C∞(X) module of vector fields
on X .
In section 2 we review four definitions of a differential form on a finite dimensional manifold
and recall the proof about the equivalence between them. In section 3 we recall the definition of
a tangent structure and three definitions of a differential form on it: the global definition given
algebraically, the local definition, as a collection of forms indexed by plaques, as defined by Souriau,
and as a smooth section on the vector bundle of exterior forms. It is proved that the last two are
equivalent if the space does not have transverse points.
2. A review of differential forms on manifolds.
An exterior k-form on a vector space V is an alternating k-linear map
ω:V k → R
The set of them is denoted ΛkV ∗, forming a vector space with the ordinary scalar multiplication and
sum of functions and the set Λ·V ∗ := ∪k∈NΛ
kV ∗ is an associative algebra with the wedge product:
ωk ∧ ωl(ξ1, · · · , ξk+l) :=
∑
(−1)σωk(ξi1 , · · · , ξik)ω
l(ξj1 , · · · , ξjl)
where ωi ∈ ΛiV ∗ for i = k, l and the sum is over all permutations (i1, · · · , ik, j1, · · · , jl) of (1, · · · , k+l)
and σ is the order of the permutation. This operation is skew commutative:
ωk ∧ ωl = (−1)klωl ∧ ωk
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In particular if k = l = 1 then
ω1 ∧ ω2(ξ, η) = ω1(ξ)ω2(η)− ω2(ξ)ω1(η)
and more generally
ω1 ∧ · · · ∧ ωk(ξ1, · · · , ξk) = det(ωj(ξi))
In V = Rn every exterior 1-form ω is a scalar multiple of a projection along some vector y ∈ V :
ω(ξ) = (ξ, y). In particular the projection along the i-th coordinate vector is denoted xi. More
generally, if P :V → F is a projection along a k-dimensional subspace F with ortonormal base
{β1, · · ·βk}, then the map
ωkP (ξ1, · · · , ξk) = det(aij)
where P (ξi) =
∑k
j=1 aijβj defines a k-form on V . This is the oriented k-volume of the projection
along F of the parallelepiped generated by ξ1, · · · ξk. Conversly, using linearity it is found that
every exterior k-form is a linear combination of forms ωkP where P runs over all projections along
the k-dimensional coordinate subspaces and therefore the set
{xi1 ∧ · · · ∧ xik/{i1, · · · ik} ⊂ {1, · · ·n}}
is a base of ΛkV ∗. In particular if k = n, every exterior n-form is a scalar multiple of
ν(ξ1, · · · ξn) = det(ξij)
where ξi =
∑n
i=1 ξijej and {e1, · · · en} is the standard base. This is the oriented volume of the
parallelepiped with edges ξ1, · · · ξn. Every k-form with k > n is zero.
If ω1, ω2 are projections along v1, v2 then ω1 ∧ ω2(ξ1, ξ2) is the oriented area of the projection
of the parallelepiped generated by ξ1, ξ2 over the plane generated by v1, v2.
The pullback of ω ∈ ΛkV ∗ by a linear map L:W → V is the exterior k-form L∗ω ∈ ΛkW ∗
defined by
L∗ω(ξ1, · · · , ξk) = ω(Lξ1, · · ·Lξk)
The pullback defines an algebra homomorphism and preserves composition of linear maps (in the
appropiate order).
A differential k-form on an open set U ⊂ Rn is an alternating C∞(U) k-linear map
ω: [Γ(U)]k → C∞(U)
where Γ(U) denotes the C∞(U) -module of smooth vector fields on U. Therefore, each x ∈ U defines
ωx ∈ Λ
kV ∗ by
ωx(ξ1, · · · , ξk) := ω(ξ¯1, · · · , ξ¯k)(x)
where ξ¯1, · · · ξ¯k are smooth vector fields such that ξ¯i(x) = ξi (they exist: ξ¯i(x) =
∑
ξi
∂
∂xi
).
ωx is well defined: if ξ(x0) = 0, then using the C
∞(U)-linearity and the expression ξ =∑
j bj
∂
∂xj
, with bj ∈ C
∞(U) and bj(x0) = 0 it follows that ω(ξ)(x0) = 0.
Conversely, by evaluation on the vector fields ∂
∂xj
, it follows that an exterior k-form
ωx =
∑
|I|=k
ai1···ik(x)xi1 ∧ · · ·xik
for each x ∈ U defines a differential k-form on U iff each ai1···ik ∈ C
∞(U) In particular, the k-forms
defined by xi1 ∧ · · · ∧ xik for each x ∈ U is denoted dxi1 ∧ · · · ∧ dxik , since dxidenoted the 1-form
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dual of the vector field ∂
∂xi
and dxi is also the differential of the projection along the i-axis (denoted
xi previously). Therefore, we have two equivalent definitions of a k-form on U .
If f :V ⊂ Rm → U is smooth, the pullback of a k-form ω on U is defined using the differential
of f :
f∗ω(ξ1, · · · ξk)(x) = ωf(x)(df(ξ1)(x), · · · , df(ξk)(x))
Definition 2.1. A k-form on a smooth manifold M given by an atlas A = {(αi, Ui)/i ∈ I} is
defined in four different ways (al least):
1. It is an exterior k-form ωx on TxM for each x ∈M such that if ξi ∈ Γ(M) for i = 1, · · · k, then
ω(ξ1, · · · , ξk)(x) := ωx(ξ1(x), · · · , ξk(x))
is smooth.
2. It is a C∞(M) k-linear alternating map
ω: [Γ(M)]k → C∞(M)
3. It is a collection (ωi)i∈I of k-forms, where ωi is a k-form on Ui ⊂ R
n such that
ωj = (α
−1
i ◦ αj)
∗ωi
for each i, j ∈ I.
4. It is a smooth section on the vector bundle of exterior k-forms on M .
The four definitions are equivalent: 1 ⇒ 2 follows from evaluation at a point. 2 ⇒ 1 follows
as follows: from a vector ξi =
∑
ξij
∂
∂xj
∈ Tx0M construct a vector field ξ¯i(x) =
∑
ξij
∂
∂xj
in a
neighborhood of x0 and extend globally through multiplication by a smooth function g such that
x0 ∈ V < g < U (that is: Suppg ⊂ U , g = 0 on V and V is a neighborhood of x0 such that V¯ ⊂ U)
and defining ξ¯i(x) = 0 outside U . Then ωx is defined using the vector fields ξ¯i. In order to prove
that the definiton is independent of this particular choice of ξ¯i, assume that ξ(x0) = 0, take U, g as
before and a local expression ξ(x) =
∑
bj(x)
∂
∂xj
on U . Then
ω(ξ)(x0) = g(x0)
∑
bj(x0)
∂
∂xj
= 0
1⇒ 3 is obtained as follows: define ωi = α
∗
i ω, use αj = αi ◦(α
−1
i ◦αj) and the fact that the pullback
preserves composition and dαi preserves smoothness of vector fields. In order to prove 3 ⇒ 1, for
each x ∈ M take i ∈ I such x ∈ Ui and define ωx = (α
−1
i )
∗ωi(x) which does not depend on the
chart chosen. Finally 1 ⇐⇒ 4: the vector bundle is given by ∧kT ∗M →M where
∧kT ∗M = {(x, ξ)/x ∈M, ξ ∈ ∧kT ∗xM}
π(x, ξ) = x and with the atlas
{(π−1(U1), (αi × id) ◦ φi)/i ∈ I}
where φi:π
−1(Ui) → Ui × R
k is given by φi(x, ξ) := (x, ξi1···ik(x)) such that ξ =
∑
ξi1···ikdxi1 ∧
· · · dxik . Now, given ω under definition 1, define ω¯ under definition 4 (and viseversa) by
ω¯(x)(ξ1(x), · · · ξk(x) = (x, ωx(ξ1(x), · · · , ξk(x))
The smoothness of ω¯ and ω are equivalent using the definition of smoothness with the local express-
sion of these forms. This proves the equivalence of the four definitions.
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The space of k-forms on M is denoted ǫk(M). It is a C∞(M)-module and ǫ·(M) := ∪k≥0ǫ
k(M)
is an associative algebra with the wedge product, where ǫ0(M) is defined as C∞(M).
For example, if f :M → R is a smooth function, then df defined by dfx(ξx) =
d
dt
|0d(α(t)) where
α′(0) = ξx defines a 1-form. For every 1-form ω on a Riemannian manifold M there exists a smooth
vector field η such that ω(ξ)(x) = (ξx, ηx). In particular, if ω = df then η is called the gradient of
f .
3. Tangent structures.
An n-plaque on a set X is a map p:U ⊂ Rn → X with U open. A diffeology on X is a collection
P (X) of n-plaques for each n ∈ N which covers X and such that if p ∈ P (X) and φ:U ⊂ Rm → Rn
is smooth, then p ◦ φ ∈ P (X). A tangent structure on (X,P (X)) is a collection of equivalence
relations ∼nF on the set of n-plaques at F ∈ X (that is, p ∈ P (X), p(0) = F ) denoted P
n
F (X), for
each n ∈ N, F ∈ X , satisfying the following two consistency conditions:
1. If p1 ∼
n
F p2 and φ:U ⊂ R
m → R, then p1 ◦ φ ∼
m
F p2 ◦ φ.
2. If p:U → X is a plaque and V ⊂ U is an open neighborhood of 0, then p ∼ p|V .
The class of p is denoted [p] or [p(t)]t. A diffeological space with a tangent structure is called a
TDS. The tangent structure is called linear if PnF (X)/ ∼
n
F carries a vector space structure for each
F ∈ X,n ∈ N (this set is called the n-th tangent space at F and is denoted T nFX) satisfying
a. If p12 ∈ [p1] + [p2] and φ:U ⊂ R
m → Rn is smooth, then
p12 ◦ φ ∈ [p1 ◦ φ] + [p2 ◦ φ]
b. If p ∈ c[p1]⇒ p ◦ φ ∈ c[p1 ◦ φ].
The tangent structure is called continuous if given two (n+m)-plaques pi(r, s), i = 1, 2 such
that p1(r, 0) = p2(r, 0) for each r, there exists a (n+m)-plaque p12(r, s) such that
[p12(r, s)]s = [p1(r, s)]s + [p2(r, s)]s ∀r
If (X,P (X),∼), (Y, P (Y ),≡) are two TDS, a map f :X → Y is called smooth if it preserves plaques,
directions, and the vector space structure, that is:
1. p ∈ P (X)⇒ f ◦ p ∈ P (Y )
2. p1 ∼
n
F p2 ⇒ f ◦ p1 ≡f(F ) f ◦ p2
3. dkf :T kX → T kY given by [p]→ [f ◦ p] is linear if the tangent structure is linear.
The set of smooth maps is denoted C∞(X,Y ) and the set of maps satisfying only 1. is denoted
c∞(X,Y ).
Any manifold M has a standard TDS for which P (M) is formed by the smooth maps p:U ⊂
Rn →M (which contains the atlas) and
p1 ∼
n
F p2 ⇐⇒ D
ip1|0 = D
ip2|0 ∀i = 0, 1, · · · , n.
The tangent spaces and the smooth maps with this TDS coincide with those given by the manifold.
In particular the standard manifold structure on Rn provides a standard TDS. Using this, any
subalgebra F of c∞(X) on any diffeology (X,P (X)) allows the construction of a tangent structure
on (X,P (X)), called the standard TDS defined by F :
p1 ∼
n
F p2 ⇐⇒ D
if ◦ p1|0 = D
if ◦ p2|0 ∀f ∈ F
in which we are using the standard TDS on R.
The tangent spaces defines the tangent bundles T nX . A vector field is a section of this bundle
such that ∀f ∈ C∞(X,R) the map df(ξ):X → R given by F → df(ξ(F )) is smooth. The set of
smooth vector fields is denoted Γ(X). In every linear TDS the set Γ(X) is a C∞(X) module.
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A vector field is called locally integrable if for every n-plaque p:U ⊂ Rn → X and every r0 ∈ U
there exists a neighborhood V of r0 and a (n+1)-plaque q such that q(r, 0) = p(r) and
ξ(p(r)) = [q(r, t)]t ∀r ∈ V0
Notice that every smooth vector field on a manifold is locally integrable. If the tangent structure is
linear and continuous, the set of locally integrable vector fields is a C∞(X) module, denoted ΓI(X).
A point F ∈ X is called weakly (strongly resp.) transverse of degree (n,m) if there exists
p1:U1 ⊂ R
n → X , p2:U2 ⊂ R
m → X at F such that there does not exist V1 ⊂ U1, V2 ⊂ U2 open
at F and a (n+m)-plaque q:V1 × V2 → X satisfying q(r, 0) = p1(r), ∀r and q(0, s) = p2(s), ∀s (or
[q(r, 0)]r = [p1(r)]r , [q(0, s)]s respectively)
Examples 3.1.
[1] Manifolds modelled on a locally convex vector space E do not have transverse points: if
{(αi, Ui)/i ∈ I} is an atlas of M and p1, p2 are n, m-plaques respectively, at F ∈ M then
pi = αi ◦φi, i = 1, 2 where φi is smooth. We may assume that α1 = α2, φ1:V1 ⊂ R
n → U ⊂ E,
φ2:V2 ⊂ R
m → U . Consider V ′i ⊂ Vi such that
φ1(V
′
1) + φ2(V
′
2) ⊂ U
Let φ:V ′1 × V
′
2 → U defined by φ(u, v) = φ1(u) + φ2(v), then q = α1 ◦ φ satisfies the required
condition.
[2] Let X be the group of diffeomorphisms of a finite dimensional manifoldM . Let P (X) be the set
of plaques p:U ⊂ Rn → X such that p¯:U ×M →M given by p¯(r,m) = p(r)(m) is smooth and
consider the standard tangent structure defined by c∞(X). Then X does not have transverse
points: take q(r, s) = F ◦ p1(r)p2(s) ◦ F
−1.
[3] Let X = R2, let P (X) be the set of smooth maps p:U ⊂ Rn → X whose image is a line (under
the standard TDS), then c∞(X) consists of maps which are smooth along lines. With the
standard TDS the tangent structure is linear and continuous, each TFX isR
2. The only locally
integrable vector field is the zero vector field. Notice that every point is strongly transverse of
degree (1, 1). More generally we consider a manifold M (or a collection of manifolds (Mi)i∈I)
and a set of smooth maps p:U ⊂ Rn → M , for different n ∈ N, then consider the diffeology
generated by these maps. For example, we take M = S2 and consider the maps whose image
is a segment of a parallel (notice that the intersection of 2 plaques is either a point of another
plaque). The poles are strongly transverse points of degree (1, 1). A vector field is locally
integrable ⇐⇒ it is zero at poles. However, the union of two tangent surfaces (in this context)
at only one point F do not have transverse points and every vector field is locally integrable.
Notice that every strongly transverse point is weakly transverse. Every smooth vector field is
zero at a strongly transverse point.
Definition 3.1.
Given a linear TDS (X,P (X),∼), a k-form on X is defined in one of the following ways:
1. It is an exterior k-form ωF , ∀F ∈ X such that if ξ1, · · · , ξk are vector fields then
ω(ξ1, · · · , ξk)(F ) := ωF (ξ1(F ), · · · , ξk(F ))
is a smooth map.
2. It is a C∞(X,R) alternating k-linear map
ω: (Γ(X))k → C∞(X,R)
3. It is a collection (ωp)p∈P (X) where ωp is a k-form on U ⊂ R
n if p:U → X such that
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a. ωp◦φ = φ
∗ωp, ∀φ:U
′ ⊂ Rm → Rn smooth.
b. If p1, p2 are two plaques satisfying p1(r1) = p2(r2) = F which are tangent at F along
directions v1, · · · , vk ∈ R
n (this means that [p1(tvi + r1)]t = [p2(tvi + r2)]t for all i =
1, · · · , k) then
ωp1(r1)(v1, · · · , vk) = ωp2(r2)(v1, · · · , vk)
and
dωp1(r1)(v1, · · · , vk+1) = dωp2(r2)(v1, · · · , vk+1)
for all vk+1 ∈ R
n. This is called the tangent condition for further reference.
The set of k-forms under definition i is denoted ǫki (X) for i = 1, 2, 3. Each of them is a C
∞(X)
module and ǫ·i(X), is also an associative algebra with the wedge product defined as usual under
each of the three definitions.
The pullback of ω ∈ ǫk1(X2) under a smooth map h:X1 → X2 is defined by
(h∗ω)F (η1(F ), · · · , ηk(F )) = ωη(F )(dh(F )η1(F ), · · · , dh(F )ηk(F ))
If ω ∈ ǫk3(X2) then define
(h∗ω) = (ωp◦h)p∈P (X1)
This collection satisfies the tangent condition. If ω ∈ ǫk2(X2) we need dh(F ) to be surjective ∀F ∈ X
and define
h∗ω(η1, · · · , ηk) = ω(dh(η1), · · · , dh(ηk)) ◦ h
Proposition 3.1.
If (X,P (X),∼) does not have transverse points then ǫk1(X) = ǫ
k
3(X) for any k ∈ N
Proof: First we define a map Ψ: ǫk1(X)→ ǫ
k
3(X) by
Ψ(ω) = (p∗ω)p∈P (X)
This map is linear and Ψ(fω) = fΨ(ω) if f ∈ C∞(X) We prove that Ψ is 1-1: Assume that Ψ(ω) = 0
and that ωF 6= 0 for some F ∈ X , then ∃v1, · · · , vk ∈ TFX such that ωF (v1, · · · , vk) 6= 0. Let
p1, · · · pk be 1-plaques such that [pi] = vi. Since F is not strongly transverse, and using induction,
there exists a neighborhood I of 0 in R and an n-plaque p: Ik → X such that [p(tei)] = [pi(t)],
therefore
ωp(0)(e1, · · · ek) = ωp(0)([p(te1)], · · · , [p(tek)])
= ωp(0)([p1(t)], · · · , [pk(t)])
= ωF (v1, · · · , vk) 6= 0
Therefore ω is 1-1. Now we prove that Ψ is onto: Let (ωp)p∈P (X) ∈ ǫ
k
3(X), define ω as follows: let
F ∈ X and let v1, · · · , vk ∈ TFX, let p ∈ P (X) such that [p(tei)] = vi (exists because F is not
strongly transverse), define
ωF (v1, · · · , vk) = (ωp)(0)(e1, · · · , ek)
This value is independent of p because if p′ is another plaque as before then
(ωp)(0)(e1, · · · , ek) = (ωp′(0)(e1, · · · ek)
because of the tangent condition. Next we prove that ω is smooth: Let ξ1, · · · , ξk ∈ ΓI(X) and let
p:U ⊂ Rn → X be a plaque. We shall prove that
ω(p(r)(ξ1(p(r), · · · ξk(p(r)):U → R
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is smooth. Let q1, · · · , qn be (n+1)-plaques such that [qi(r, t)]t = ξi(p(r))∀r. Let q:V ⊂ R
n+k → X
be a plaque as in the definition of transverse point such that
p(r, 0, · · · , ti, 0, · · · , 0) = qi(r, ti
then q(r, 0, · · · , 0) = p(r), ∀r and
[q(r, 0, · · · , 0, ti, 0, · · · , 0)]ti = [qi(r, ti)]ti
ωp(r)(ξ1(p(r)), · · · , ξk(p(r))
= ωq(r,0)([q1(r, t)]t, · · · , [qk(r, t)]t)
= (ωq)(r, 0)([(r, t1, 0, · · · , 0)]t1 , [(r, 0, t2, · · · , 0)]t2 , · · · , [(r, · · · , tk)]tk
= (ωq)(r, 0)(v1(r), · · · , vk(r))
and vi(r) = [(r, 0, · · · , 0, ti, 0, · · · , 0)]ti is a smooth vector field on U ⊂ U¯ , therefore ω is smooth.
Notice that if p:U ⊂ Rn → X is a plaque then
(p∗ω)(v1, · · · , vk) = ωp(r)([p(tv1)], · · · , [p(tvk)])
= (ωp)(r)(v1, · · · , vk)
It follows from the definition that Ψ is onto since Ψ(ω) = ω and this proves the proposition.
Remarks 3.1.
1. The theorem remains still remains valid under a weaker condition than non transversality: for
every pair of (n+ 1)-plaques p1, p2:U × V ⊂ R
n×R→ X such that p1(r, 0) = p2(r, 0), ∀r ∈ U
there exists a (n+ 2)-plaque
q:U ′ × V ′ ××V ′′ ⊂ Rn → R×R→ X
such that
[q(r, t1, 0)]t1 = [p1(r, t1)]t1 ∀r ∈ U
′
[q(r, 0, t2)]t2 = [p2(r, t2)]t2 ∀r ∈ U
′
2. For any X we have ǫk1(X) ⊂ ǫ
k
2(X).
3. In general ǫk2(X) is larger than ǫ
k
1(X): consider the example
X = {(x, 0)/x ∈ R} ∪ {(0, y)/y ∈ R}
where P (X) is the set of smooth maps p:U ⊂ Rn → X whose image is a subset of the x-
axis only, or a subset of the y-axis only. Then c∞(X) is the set of pairs (f1, f2) such that
f1, f2:R→ R is smooth and f1(0) = f2(0). With the standard diffeology T(0,0)X = R⊔R and
T(0,0)X = {0}, otherwise, TFX = R = TF (X). The point (0, 0) is transverse and Γ(X) is the
set of pairs (f1
∂
∂x
, f2
∂
∂y
) such that f1, f2:R→ R is smooth and f1(0) = f2(0) = 0. Let
ξ1(x, y) = x
∂
∂x
ξ2(x, y) = y
∂
∂y
Since every smooth function h:R→ R such that h(0) = 0 satisfies h(t) = tg(t) where g is also
smooth then every field is expressed as
ξ(x, , y) = h1(x)ξ1(x, y) + h2(y)ξ2(x, y)
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where h1, h2:R→ R and conversely, define
ω(ξ(x, y)) = h1(x)(x
2 + 1) + h2(y)(2y
2 + 1)
then ω ∈ ǫ2(X) and satisfies ω(ξ1(0, 0) = 1, however ξ1(0, 0) = 0, therefore there is not
ω ∈ ǫ1(X) which correspond to ω. Similar constructions may be given with any k > 1.
4. A construction similar to the above may be done for any X such that Γ(X) is a free module
and there exists a base {ξi/i ∈ I} such that at some point F the set of vectors
{ξi(F )/i ∈ I} ⊂ TFX
is linearly dependent (this occurs if dimTFX 6= CardI for some F ). This occurs if Γ(X) is free
and X has transverse points.
5. ǫ1(X) = ǫ2(X) if Γ(X) is a free module and there exists a base {ξi/i ∈ I} of Γ(X) such that
{ξi(F )/i ∈ I} is linearly independent ∀F ∈ X (this occurs for example with R
M ,M ∈ N∪{∞}
and manifolds with trivial tangent bundles such as S1), because if ω(ξi) = hi then
ω(ξ =
∑
i
fiξi) =
∑
i
hifi
and ξ(F ) = 0 implies fi(F ) = 0, ∀i ∈ I
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